Abstract: This paper presents the results of an investigation into bi-directional communication in spectrum sharing-based cognitive radio (Bi-CR) systems. A Bi-CR system can increase the spectral efficiency significantly by sharing the spectrum and through the bi-directional use of spatial resources for two-way communication. On the other hand, the primary user experiences more interference from the secondary users in a Bi-CR system. Satisfying the interference constraint by simply reducing the transmission power results in performance degradation for secondary users. In addition, secondary users also experience self-interference from echo channels due to full duplexing. These imperfections may weaken the potential benefits of the Bi-CR system. Therefore, a new way to overcome these defects in the Bi-CR system is needed. To address this need, this paper proposes some novel power allocation schemes for the Bi-CR system. This contribution is based on two major analytic environments, i.e., noise-limited and interference-limited environments, for providing useful analysis. This paper first proposes an optimal power allocation (OPA) scheme in a noise-limited environment and then analyzes the achievable sum rates. This OPA scheme has an effect in the noise-limited environment. In addition, a power allocation scheme for the Bi-CR system in an interference-limited environment was also investigated. The numerical results showed that the proposed schemes can achieve the full duplexing gain available from the bi-directional use of spatial resources.
Introduction
In cognitive radio (CR) networks, unlicensed users, which are known as secondary users, can either access the primary user's spectrum opportunistically when they are not occupied by the primary users (a process known as spectrum overlay), or the secondary users are allowed to transmit together with the primary users over the same spectra simultaneously (a process known as spectrum underlay or spectrum sharing) [1] . This paper focuses on spectrum sharing-based CR networks. Theoretically, spectrum sharing offers a way of improving the spectrum utilization without affecting the existing legacy systems [2] A number of active studies have been conducted on spectrum sharing-based CR systems. The fundamental capacity of a secondary user in fading environments was investigated in [3] [4] [5] . Ghasemi et al. and Musavian et al. examined the capacity of the secondary link in the Rayleigh and Nakagami fading models [3, 4] . Kang et al. analyzed the ergodic and outage capacities of the secondary link in the delay-limited environments [5] .
On the other hand, these studies focused only on conventional one-way communication for the secondary users in spectrum sharing environments. Achieving inherent improvement in spectral efficiency means considering two-way communication for secondary users. The most common method used for two-way communication in conventional communication systems is systems, the primary user receives more interference from the secondary users in a Bi-CR system. Consequently, to satisfy the interference constraint, the transmission powers of the secondary users need to be lower than that in the conventional systems. Reducing the transmission power arbitrarily, however, causes performance degradation of the secondary users in the Bi-CR system. In addition, the secondary users also experience the self-interference from the echo channel due to full duplexing. Basically, because self-interference is very strong without an interference cancellation (IC), it should ideally be cancelled for full duplexing systems. On the other hand, the residual interference left over after IC still causes performance degradation [10] . Consequently, these weaknesses may degrade the performance of the Bi-CR system. Therefore, a new power allocation scheme to overcome these imperfections is needed to utilize the benefits of the Bi-CR system.
To this end, this paper proposes a novel power allocation scheme for the Bi-CR system. This study deals with two significant environments in the CR system, noiselimited and interference-limited environments. In the noise-limited environment, it is assumed that the selfinterference caused by echo channels can be eliminated sufficiently. On the other hand, in the interference-limited environment, it is assumed that the residual interference after echo cancellation is larger than the noise level. This paper first proposes an optimal power allocation (OPA) scheme in the noise-limited environment, and then analyzes the achievable sum rate of the secondary users. Next, a power allocation scheme in high signal-tointerference (SIR) and low SIR regions in interference limited-environments was evaluated.
Bi-Directional Communication in a
Spectrum Sharing-based Cognitive Radio System Model 
SU
represent the secondary users communicating using a bi-directional (BD) communication scheme, and PRx denotes the primary receiver. In the BD system, it is assumed that each node has two antennae, where one antenna is used for receiving and the other is used for transmission.
In this system, the signals received at two nodes SU experience interference from the primary transmitter (PTx) as well in a spectrum sharing-based CR system. This interference is generally non-white [15] . By applying a noise-whitening filter at A SU and B SU , and incorporating the filter effects into the channels, the effective noise is assumed to be approximately white Gaussian [15] [16] [17] [18] . The validity of this assumption is supported by considering the "lowinterference regime" in [16] . Therefore, this interference was considered to be AWGN in this paper.
An achievable sum rate for the secondary users was used to evaluate the performance of the Bi-CR system. In two-way communication systems, an achievable sum rate for each pair is the sum of an achievable rate at each link normalized to the amount of resource used. An achievable sum rate in the Bi-CR system can be expressed as 
Power Allocation for Secondary Users in Noise-and Interference-Limited Environments
This section focuses on the power allocation scheme for the Bi-CR system. For the power allocation of secondary users as a way to enhance the achievable sum rates, two significant environments in the CR system are considered, i.e., the noise-limited and interference-limited environments. We begin by proposing an optimal power allocation (OPA) scheme and then analyzing an achievable sum rate in the noise-limited environment. This OPA scheme has only the effect in the noise-limited environment. In addition, because the OPA does not exist in the interference-limited environment, the best power allocation in high and low SIR regions was also analyzed.
OPA and Achievable Sum Rate in Noise-Limited Environments
In BD systems, the induced interference is caused by the system's own transmit signal. When the antennae are separated into mutually exclusive transmit and receive antennae, it can be assumed that the echo interference can be suppressed by the insulation or subtraction of echo [11] [12] [13] [14] . Up to 90dB of echo interference can be insulated by isolating the antennae [13, 14] . In addition, echo interference in the BD system can be subtracted from the desired signal because each node knows its transmitted signal and the amount of echo interference is sufficient to estimate the echo interference channel. If the echo interference can be eliminated sufficiently, it is reasonable to assume a noise-limited environment in the Bi-CR system.
In a noise-limited environment, the achievable rate for each link can be described as follows [20] 
where E [·] denotes the expectation operator. Therefore, the optimization problem for maximizing the achievable sum rates of the secondary users can be expressed as 
As shown in (7) and (9) 
ii. 
As shown in (13) and (14), the OPAs for To obtain an achievable sum rate using the OPA scheme, the probability density functions (PDFs) of A μ and B μ are first derived in (12) . Basically, when m and n follow an independent exponential distribution with mean values of m λ and n λ , respectively, the PDF of = m z k n ( > 0 k ) is as follows [24] ( )
Using (15), the PDFs of A μ and B μ can be derived as
In (16) and (17) To derive an achievable sum rate using the OPA scheme, the OPA is adopted based on the range of A μ and 
Because the optimal transmission powers of (18). Unfortunately, to the best of the authors' knowledge, the integrals in (18) cannot be evaluated in a closed form. Therefore, the bound of an achievable sum rate is derived using a high SNR approximation. Basically, the log term in the capacity is approximated as follows: log(1 ) log( ), for large .
Using this property, the lower bound of an achievable sum rate can be derived via the following Lemma.
Lemma 1. (Lower Bound for an achievable Sum Rate in the Bi-CR System)
The lower bound of an achievable sum rate in the Bi-CR system is derived as 
4 1 log log log 1 1 4
Proof. The derivation process is provided in Appendix I
To investigate the effect of the interference link channel gain between the secondary and primary users, it is assumed that the channel gains and noise variances corresponding to A SU and B SU are symmetrical, i.e., = α β in (16) and (17) [8] . An achievable sum rate can then be ( )
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This sum rate is a decreasing function as α increases. α consists of the interference-threshold-to-noise-ratio (ITNR) and the mean values of the channel gains
. Therefore, an achievable sum rate increases with increasing ITNR or the channel gain of the secondary link. In addition, an achievable sum rate increases as the channel gain for the link between A SU and PRx decreases. This is because the level of interference decreases with decreasing channel gain for the link between A SU and PRx. Therefore, each node can increase its own transmission power within the interference power constraint in the Bi-CR system. This means that the secondary users in the Bi-CR system can achieve a performance gain by sharing the primary user's spectrum, provided the echo interference can be eliminated sufficiently.
Power Allocation for the Bi-CR System in the Interference-Limited Environment
If self-interference by the echo channel cannot be eliminated sufficiently, an interference-limited environment in the Bi-CR system can be assumed. Basically, because the self-interference power is greater than the noise and received signal powers, the residual interference can significantly affect the performance. This makes it important to analyze the power allocation for the Bi-CR system in an interference-limited environment.
In an interference limited environment, the achievable sum rate can be expressed as follows: 
Unfortunately, this achievable sum rate is non-convex with respect to A P and B P . Thus, it is difficult to find the optimal power in the interference-limited environment. Therefore, the local optimized solutions, i.e., the best power allocation schemes in the high and low SIR regions, need to be analyzed in this paper.
In the high SIR region, the residual interference is relatively low compared to the received signal but is still larger than the noise level. An achievable sum rate of the secondary users in this case can be approximated as = log log ,
where 
As shown in (24), the effect of the power allocation vanishes in the high SIR region in the Bi-CR system. Because the signal of each node creates the selfinterference caused by echo channel in the Bi-CR system, the SIR at each node can be expressed as the received signal power over the interference power at the other node when a high SIR approximation is used. In other words, the boosted transmission power causes severe interference due to full duplexing. Therefore, the power allocation in the high SIR region in the Bi-CR system cannot enhance the achievable sum rate. This means that a simple power allocation scheme for the Bi-CR system within the interference constraint represents the most effective approach in the high SIR region. Therefore, an effective non-joint power allocation scheme in the high SIR region is as follows: 
The approximated achievable sum rate in the high SIR region can be derived as ( ) (26), the approximated achievable sum rate is expressed simply as a log function. Therefore, an achievable sum rate increases with increasing dedicated link gain or decreasing interference link gain. In addition, the link gains between the primary and secondary users do not affect the achievable sum rate despite the CR system because the power allocation cannot enhance the secondary user's performance in the high SIR region. Next, the power allocation in the low SIR region was analyzed. In this region, it is the residual interference that is the primary cause of performance degradation. An achievable sum rate in this case can be approximated as follows: is maximized when only that node that can achieve a better rate than the other transmits in the Bi-CR system. This is because the self-interference caused by echo channel is a critical factor that causes performance degradation in the low SIR region. Concurrent transmission in the Bi-CR system cannot enhance an achievable sum rate, making uni-directional communication more efficient than BD communication in the low SIR region. Therefore, obtaining the performance gain offered by full duplexing in CR systems will require sufficient elimination of the self-interference.
Simulation Results
This section first examines the conventional schemes that will be compared with the proposed scheme. Next, the performance of the proposed schemes in the noise-and interference-limited environments is evaluated.
Conventional Schemes
To evaluate the performance of the Bi-CR system, a non-joint power allocation scheme in the Bi-CR system, called the equal power allocation on average (EPA) scheme, is first introduced. If two nodes in the Bi-CR system are not cooperating with each other, they use only their own CSI for power allocation. In this case, a simple way to allocate power is to have each node cut its own interference threshold in half as follows: 
This EPA scheme can easily satisfy the interference constraint without the need for joint power allocation.
Next, a system for conventional uni-directional communication in spectrum sharing-based cognitive radio (Uni-CR) is introduced. To keep the comparison fair, two schemes, i.e., uni-directional beamforming communication in spectrum sharing-based cognitive radio (UBF-CR) and MIMO transmission (UM-CR), are assessed. In the UBF-CR scheme, a receive beamforming scheme, i.e., a maximum ratio combining (MRC) scheme, is considered [21] . Because each secondary node shares the spectrum of the primary user on different resources, the transmission powers at each node can be expressed as [22] is a pre-log factor, and it is assumed that = 1/ 2 ω . In addition, in the UM-CR system, equal power allocation to each transmit antenna is assumed because sophisticated encoding and decoding methods need to be used to achieve the optimal capacity for the secondary users [23] . An achievable sum rate for the UM-CR system can then be expressed as ( ) 
SU -
A SU , respectively. The equal power allocation for each transmit antenna can enable the secondary users to achieve optimal capacity in the high SNR regime [20] .
Achievable Sum Rate in the NoiseLimited Environments
To evaluate the performance of the Bi-CR system, the achievable sum rates of the proposed scheme are compared with the conventional schemes with respect to the ITNR. The ITNR is the basic parameter used to evaluate the performance of a spectrum sharing-based CR system [3] . Because the ITNR is the ratio of the allowable interference threshold to noise variance, it depends on the primary user's sensitivity to interference. If the allowable interference at the PRx increases on account of a decrease in power attenuation due to small path-loss or an increase in channel gain for the primary link, the secondary users can increase their own transmission power to satisfy their own quality of service (QoS). On the other hand, a decrease in ITNR means that the amount of interference allowed by the primary user has decreased due to an increase in the QoS for the primary user or an increase in power attenuation. In this case, the secondary users share the spectrum of the primary user with their transmission at low power, which results in reduced secondary user throughput. In particular, in the Bi-CR system, as mentioned above, the transmission powers of the secondary users are more constrained than in a conventional Uni-CR system. Fig. 3 presents the achievable sum rates of the secondary users with respect to the ITNR in the noiselimited environment. First of all, compare the performance of the OPA and EPA schemes in the Bi-CR system. the performance of the EPA scheme is close to that of the OPA scheme in the high ITNR region. When the allowable interference to the primary user is large, the transmission powers of the secondary users for both the EPA and OPA schemes can increase so that the performance of the secondary users is less vulnerable to the channel conditions and noise powers. Because the transmission powers are dominant in the performance of the secondary users, the performance of the EPA scheme approaches that of the OPA scheme in the high ITNR region. On the other hand, the OPA scheme is superior to the EPA scheme in the low ITNR region. When the EPA scheme is used, A SU and B SU do not cooperate with each other as stated above. Hence, the EPA scheme cannot achieve any cooperation gain. On the other hand, because the OPA scheme uses the information for all links and noise variances at each node, it obtains cooperation gain in the low ITNR region. Therefore, Fig. 3 shows that as the ITNR decreases, the OPA scheme has better performance than the EPA scheme.
Next, the performance of the Bi-CR and Uni-CR systems are compared. The results show that the achievable sum rates for the Bi-CR system with OPA scheme and UBF-CR system increase with increasing ITNR, as shown in Fig. 3 . On the other hand, the slope of an achievable sum rate for the Bi-CR system is much greater than that for the UBF-CR system. This is because each link of the Bi-CR system uses its own spatial resources and shares frequency and time resources. Conversely, each link of the UBF-CR system shares spatial resources but uses its own frequency or time resource. This divided resource is expressed as a pre-log factor ω in an achievable rate, as shown in (32). Basically, this pre-log factor causes a decrease in the achievable sum rate, which is expressed in Fig. 3 as a decrease in slope. Therefore, the slope of an achievable sum rate of the UBF-CR system is smaller than that of the Bi-CR system. Accordingly, the Bi-CR system outperforms the UBF-CR system as the ITNR increases, i.e., in the high ITNR region.
In addition, the performance of the Bi-CR system with the OPA scheme is also superior to that of the UM-CR system in the low ITNR region. Basically, the transmission power of the Bi-CR system is lower than that of the UM-CR system because the interference from because the transmission occurs from multiple transmit antennae. Moreover, the UM-CR system cannot achieve diversity or spatial multiplexing gains in the low ITNR region, whereas the performance of the UM-CR is the same as that of the Bi-CR in the high ITNR region. Therefore, the Bi-CR system with the OPA scheme performs better than the UM-CR system in the high ITNR region in a noise-limited environment. Fig. 4 shows the achievable sum rates of the secondary users in the Bi-CR system as well as the lower bound of an achievable sum rates with respect to the mean value of the interference link channel gain. The results show that the derived lower bound for an achievable sum rate is very close to the simulated result in the high ITNR region. Of course, in the low ITNR region, the difference between the lower bound and the simulation results is small. Therefore, the derived lower bound is appropriate for analyzing the performance of a Bi-CR system. In addition, an achievable sum rate increases with decreasing mean value of the interference link channel gain ( AP λ and BP λ ). A small mean value of interference channel gain means that the interference from the secondary users to the primary user is weak. Therefore, the secondary users can increase their transmission powers within the interference constraint. Moreover, the performance of the Bi-CR system has a high performance gain with a weak interference link channel gain. Consequently, the proposed OPA scheme in the Bi-CR system performs better than the conventional systems in terms of the achievable sum rates. Therefore, if the selfinterference caused by the echo channel can be eliminated sufficiently, the advantage of BD communication will also be available to CR systems.
Achievable Sum Rate in the Interference-Limited Environments
This section discusses the achievable sum rate of the Bi-CR system in the interference-limited environment. Fig. 5 shows an achievable sum rate of the secondary users versus the mean value of echo channel gain. Because an interference-limited environment was assumed, the ITNR was set to 50 dB in this simulation. As mentioned above, the Bi-CR system cannot achieve full duplexing performance gain in the low SIR region, as confirmed in Fig. 5 . The performance of the uni-directional communication is better than the Bi-CR system in the low SIR region because the performance of Bi-CR system is limited by the self-interference caused by the echo channel in a full duplex configuration. Therefore, uni-directional communication is a better choice in this region than BD communication. In the high SIR region, however, the Bi-CR system with an EPA scheme performs better than unidirectional communication. This is because the full duplexing performance gain can be achieved in the high SIR region. In addition, as mentioned above, the impact of power allocation was proven to disappear in the high SIR region in Section III.B. As the Bi-CR system performs the same in the high SIR region regardless of the power allocation scheme, the EPA scheme with a simple power allocation scheme was chosen. Although simple power allocation was used, performance gain could be achieved in the high SIR region.
To investigate the relationship between the power allocation and self-interference caused by the echo channel, the achievable sum rate of the secondary users is depicted as a function of the interference channel gain in Fig. 6 . As shown in Fig. 6 , the achievable sum rate of the secondary users increases as the mean of the echo channel gain ( ,
AA BB
λ λ ) decreases. The reason for this is that each node receives a small amount of interference with respect to the weak echo channel gain.
On the other hand, the achievable sum rates become saturated as the mean of the interference link channel gain decreases. Basically, an achievable sum rate in the CR system increases with decreasing interference link channel gain because of the boost in transmission power, as shown for uni-directional communication in Fig. 6 . Because the boosted transmission power causes severe interference at each node in the Bi-CR system, however, an achievable sum rate of the Bi-CR system becomes saturated as the mean of the interference link channel gain decreases. This result shows that the power allocation does not affect the achievable sum rate of the secondary users. Moreover, in the low SIR region, e.g., when = AA λ = 0, 10
, an achievable sum rate for unidirectional communication is superior to that of the Bi-CR system (Fig. 6) because of the strong self-interference caused by the echo channel. On the other hand, there is a region where the achievable sum rate for the secondary users in the Bi-CR system is superior to that with the unidirectional communication in the high SIR region. Therefore, in the interference-limited environment, there are regions where the Bi-CR system has an advantage over uni-directional communication.
Consequently, in an interference-limited environment, self-interference cancellation is essential for obtaining the performance gain from full duplexing in the Bi-CR system. If echo cancellation cannot be guaranteed adequately, then uni-directional communication is the better choice in terms of the achievable sum rate. Therefore, sufficient echo interference cancellation is indispensable if the promised performance gain is to be achieved by full duplexing in CR systems.
Conclusions
This study examined a Bi-CR system in noise-and interference-limited environments. An OPA scheme was first proposed as a way of maximizing the achievable sum rate of the secondary users in a noise-limited environment and the lower bound of an achievable sum rate was derived using the proposed scheme. In addition, power allocation schemes in the interference-limited environment were also analyzed.
The analytical and simulation results showed that echo cancellation in the Bi-CR system is essential for achieving the performance gain offered by full duplexing. Moreover, if the self-interference is eliminated sufficiently, the results show that significant performance gain can be achieved from BD communication, even though the overall secondary user transmission powers are constrained within the Bi-CR system.
Appendix I
This appendix outlines the process for deriving the lower bound of an achievable sum rate in a Bi-CR system with two antennae at each node. Using the proposed OPA scheme, an achievable sum rate of the secondary user can be expressed as follows: 
In (34), a high SNR approximation on the log term is used to obtain a bound for the achievable sum rate. Basically, a log function can be approximated as follows: log(1 ) log( ) for large .
Therefore, under the assumption of a large A μ and B μ in (33), the log terms of the third and fourth terms in (33) can be approximated as
In addition, /
A A μ μ + of the first and fourth term in (33) can be approximated as 1 for large A μ . Therefore, an achievable sum rate can be rewritten as follows: 
The second and third terms in (33) can be omitted because of the high SNR approximation. Instead, the range of A μ is expanded from 0 to ∞ in the fourth term. In addition, the log terms of the fourth term can be formulated as ( )( ) 
Therefore, the lower bound of an achievable sum rate can be reformulated as . Therefore, the lower bound of the achievable sum rate in the Bi-CR system with two antennae at each node can be derived as ( 
